A finite volume method for the solution of two dimensional elasticity problems is presented. The method is used to perform linear static analysis as well as dynamic analysis (extraction of eigen-values and eigenvectors). The method uses an unstructured triangular mesh and therefore it is capable of dealing with complicated geometries. A vertex-centered scheme is adopted and equilibrium equations are formed for each cell leading to a system of equations where displacements are the unknown variables. Numerical implementation demonstrates that the results are in excellent agreement with finite element and exact solutions.
INTRODUCTION
Up to now finite and boundary elements have dominated the field of stress analysis on structures. Lately the finite volume method seems to have become more and more popular for structural analyses.
The reason why the finite volume method has not been used earlier for stress analysis is that the use of structured meshes made the method unsuitable for complicated geometries. Therefore the need to use unstructured meshes became evident. Up to now the applications of the finite volume method on stress analysis have been limited and one could mention the solution of the elastic/visco-plastic equations /3/, the thermo-elastic analysis on anisotropic materials III, the analysis of axi-symmetric structures 151, the analysis of rectangular two dimensional domains using a structured cell-centered mesh 111 as well as the analysis of the bending deformation of thick and thin plates 161.
Most of the above finite volume applications use the cell-centered scheme where the unknown variables are calculated at the center of the cell. This scheme has the disadvantage that the application of Dirichlet boundary conditions requires special treatment in comparison with the vertex-centered scheme where the imposition of the Dirichlet boundary conditions is direct. In the present analysis the vertex-centered scheme is adopted in combination with an unstructured mesh of triangular 3-node elements. A linear interpolation of the displacements inside each triangle is used and integration of stresses along the boundary leads to a set of two equilibrium equations for each node. Each one of these equations contains the unknown displacements and the final system of equations is solved using the typical gauss elimination method. For the dynamic case, (extraction of eigenvalues and eigenvectors) integration of the density inside the area of each cell leads to a lumped diagonal mass matrix for the entire structure. Then the Jacobi method is adopted in order to calculate the eigenvectors and eigenvalues of the final system of equations. Two test cases are studied and the results are compared with finite element and exact solutions.
Consider a two dimensional structure (plane stress or plane strain condition) that is subjected to external loads. The loads may be either prescribed displacement on the boundary Ty or prescribed traction on the boundary Γ7·. The domain discretisation is performed by using three-node triangles.
First of all we must establish a relation between stress and the nodal displacements inside the triangular element. The interpolation of the displacement components inside each triangle is based on the following equation:
The strain components are related to the displacement components according to the following relation: As will be shown later, the discretised form of the above equations leads to a system of equations where displacements are the unknown variables.
THE SUGGESTED FINITE VOLUME METHOD
Because the value of stress varies from triangle to triangle, the integrals in equations (6) The integrals in equations (7.a-b) can be calculated easily because stress is constant inside each triangle and consequently along the boundary Y e .
Taking into consideration equation (3) 
where j = 1...6
In the above equations index j denotes summation over j. It is also worth mentioning that equations (9.ab) refer to the equilibrium of cell /' and correspond to the lines 2(/ -1) + (2(/ -1) + 2 respectively of the final system of equations. It is also noted that the nodal displacements q e j are the unknown variables. The final system of equations has the following form:
In the above equations, Κ is a matrix containing all the coefficients of the displacements, Μ is a diagonal matrix containing all the coefficients of the second derivative with respect to time of the displacements, F is a vector containing all the known forces and finally U is the vector of the displacements.
There are two types of boundary conditions:
a) Prescribed traction (Neumman boundary conditions)
Consider a boundary node /' (Figure 2 ). Suppose that there is a prescribed traction on sides N 4 -i and i-ff5· Traction (which may be time dependent) must be prescribed on all free sides (boundary Γ 7 ) whether it has a zero or a non zero value.
b) Prescribed displacement (Dirichlet boundary conditions)
The application of Dirichlet boundary conditions is very easy. Suppose for example that the u displacement component of node k is prescribed (boundary Γ^) and it is equal to u c . The prescribed displacement may also be time dependent. This displacement component corresponds to row m and column m (where m = 2(k -1) +j,j = 1, when u component is prescribed, j = 2 when ν component is prescribed) of d 2 U the final system of equations. Then, the final system of equations KU + Μ -τ-= F is transformed as dt follows:
EXTRACTION OF EIGENVALUES AND EIGENVECTORS
As is well known, a solid continuous structure that is initially deformed and then is left to perform a free vibration oscillates with an infinite number of frequencies. In order to find the frequencies of a discrete structure consisting of η nodes (with a degrees of freedom per node) it is necessary to calculate the eigenvalues of the following system:
where λ, = ω? = (2πf t ) 2 , ί = 1...αχη
In the above equations A, is an eigenvalue, C0 I is the corresponding cyclic frequency in rad / sec and is the corresponding natural frequency in Hz. Vector φ ( is the eigenvector that corresponds to the eigenvalue Ä t . It is also worth noticing that since the body performs free vibration no external loads (forces In order to solve the eigen-problem (14) a number of methods are available but we have chosen to use the generalized Jacobi method.
NUMERICAL IMPLEMENTATION
Two test cases were chosen to validate the present finite volume method. In both cases the results are compared with finite element and exact solutions. In order to compare the finite volume with the finite element solution the same meshes were used and the displacements were compared node by node. Because it is not practical to show here the relative error of the displacements node by node we will calculate the total relative error of the solution which is defined as:
In the above relation r e is the relative error with respect to the exact solution while /y cm is the relative error with respect to the finite element solution. The norm used above is the euclid norm or norm-2. The norm-2 of a vector a with k components is defined as:
a) Static analysis
An infinite sheet of thickness t = 1 mm (plane stress case) with a central hole of radius a is subjected to a Ν uniform uniaxial tensile stress σοϊ 100 -in χ direction at infinity (Figure 3) . mm
The exact solution in terms of the displacements for this problem is: In order to model the infinity of the sheet, the external dimensions of the sheet are chosen to be much Ν larger than the hole's radius. Young's modulus Ε is 210000 , Poisson's ratio ν is 0.27, while the hole's mm radius a is 10mm and the external dimensions of the sheet are 112.9mm χ 112.9mm. Two different meshes were used for the analysis. The first one has 90 nodes and 144 elements while the second one is denser and has 525 nodes and 960 elements. Table 1 shows the relative error of the displacements for the two meshes which was calculated using relations (16) and (17).
Table 1
Relative error for the displacements % In order to model the beam, three different meshes were used, one being denser than the other. Table 2 presents the first 10 cyclic frequencies for each mesh as well as the relative error with respect to the finite element solution.
Table 2
Cyclic frequencies, rad /sec 
CONCLUSIONS
As a conclusion we could say that as far as the static analysis is concerned, the finite volume method gives results that are in excellent agreement with the corresponding finite element solution as well as with the exact solution (a denser mesh around the hole is required in order to achieve even better results). In order to increase the accuracy of the method a higher order element (perhaps a 6 node triangle) could be used.
As far as the dynamic analysis is concerned two points are worth mentioning. The first one is that as the meshes become denser (see Table 2 ) the solution converges to a final solution with the same rate for both methods. The second conclusion has to do with the relative error of the cyclic frequency. As one can see the error is in general small except for mode 1 and it is caused by the fact that the mass matrix that is produced by the finite volume method is slightly different than the one produced by the finite element method. At a first glance one could claim that.the relative error for mode 1 is significant but if we compare the results with analytic solutions we will see that it is the finite volume method that approximates reality more effectively. 1 f \r The analytic solutions /4/ for the first two cyclic frequencies are (Οχ =3.156 Table 2 it is obvious that the frequencies obtained by the finite volume method are lower than the ones obtained by the finite element method and consequently the finite volume method is in every case the most accurate of the two methods.
As another advantage of the present finite volume method one could mention the fact that in the case of the finite volume method the eigen-values converge faster (less computational time) because the mass matrix in that case is purely diagonal.
From the above and taking into consideration other features of the method such as mathematical simplicity and ease of programming, it is obvious that the present method is a reliable alternative to the finite element method for the solution of elasticity problems.
